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Abstract
In this paper, we shall prove that the incidence coloring number for Halin graphs of maximum
degree greater than or equal to 5 and outerplanar graphs of maximum degree greater than or
equal to 4 is equal to the maximum degree of the graph plus 1.
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1. Introduction
The concept of incidence coloring was introduced by Brualdi and Massey [3].
Let G=(V; E) be a multigraph of order p and size q; I(G)= {(v; e) | v∈V; e∈E; v
is incident with e} be the set of incidences of G. We say that two incidences (v; e)
and (w;f) are neighborly provided one of the following holds: (i) v=w; (ii) e=f;
(iii) the edge vw equals e or f.
An incidence coloring of G is a coloring of its incidences in which neighborly
incidences are assigned di@erent colors. The incidence coloring number of G, denoted
by (G), is the smallest number of colors in an incidence coloring.
Guiduli [6] showed that the concept of incidence coloring is a special case of directed
star arboricity, introduced by Algor and Alon [1] and proved that the conjecture that the
incidence coloring number (G) is always less than or equal to the maximum degree
 of the graph plus 2 [3] is false using Paley graphs (an example in Section 2 of [1]
or Section 3 of [6]). According to a tight upper bound for directed star arboricity, he
gave an upper bound for incidence coloring number, namely: (G)6+O(log).
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The determination of the incidence coloring number of a graph is a fascinating
question. Brualdi and Massey determined the incidence coloring number of trees, com-
plete graphs and complete bipartite graphs in [3]; Dong-Ling Chen et al. determined
the incidence coloring number of paths, cycles, fans, wheels, adding-edge wheels and
complete 3-partite graphs in [5], where an adding-edge wheel is a graph obtained from
a wheel by adding an arbitrary edge between vertices that were not joined by an edge.
In Sections 2 and 3 of this paper, we shall determine the incidence coloring number
of Halin graphs and outerplanar graphs.
For the sake of brevity, we restate the deInition of incidence coloring in terms of
mapping as follows: An incidence coloring of G is a mapping  from I(G) to a set
C of colors, such that any two neighborly incidences of G have di@erent images. If
 : I(G) → C is an incidence coloring of G and |C|= k, a positive integer, then we
say that  is a k-incidence coloring of G. The incidence coloring number of G is
the minimum cardinality of the set C. From now on we will limit ourselves to Inite,
simple, undirected graphs. In a given graph G, the vertices of degree k are called
k-vertex. NG(v) denotes the set of vertices of G adjacent to v, and dG(v)= |NG(v)|
is the degree of vertex v of G. We denote the set of all the incidences of the form
(u; uv) and (v; vu) by Av and Iv, respectively, where u is an adjacent vertex of v. Let
Qv=Av ∪ Iv. CQv denotes the set of colors assigned to Qv in an incidence coloring
of G. C′Qv denotes the set of colors not assigned to Qv. Edge uv colored means that
the two incidences (u; uv) and (v; vu) of edge uv are colored. We denote the ordered
pairs ((u; uv); (v; vu)) or the ordered set {(u; uv); (v; vu)} of two colors (u; uv)
and (v; vu) by notation (uv). In addition, the terms and notations not stated may be
found in [2].
2. The incidence coloring number of Halin graphs
In this section, we prove the following theorem.
Theorem 2.1. Let G be a Halin graph with maximum degree ¿ 5. Then (G)=
+ 1.
To prove Theorem 2.1, we Irst quote one deInition and three lemmas.
Denition 2.1 (Halin [7]). For a 3-connected planar graph G(V; E; F), if all the edges
on the boundary of some face f0 (whose vertices are all of degree 3) of the face
set F are deleted and a tree whose vertices are at least 3-degrees except 1-vertices
is obtained, then the graph G is called a Halin graph. The vertices on f0 are called
exterior vertices of G, and the remaining are interior vertices of G.
Lemma 2.1 (Brualdi and Quinn Massey [3, Theorem 2:2]). Let T be a tree of order
p¿ 2 with maximum degree . Then (T )=+ 1.
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Lemma 2.2 (Dong-Ling Chen et al. [5, Theorem 2.1]). Let G be a graph with max-
imum degree . Then (G)¿+ 1.
Lemma 2.3 (Dong-Ling Chen et al. [5, Theorem 2.1]). Let Wp be a wheel graph and
Wp be an adding-edge wheel graph of order p¿ 4. Then (Wp)= (Wp)=p.
We now prove the main result of this section.
Proof of Theorem 2.1. If G=W+1, then by Lemma 2.3, (G)=+ 1. If G =W+1,
let T =G\E(f0). By DeInition 2.1, T is a tree and (T )=(G)=. By Lemma 2.1,
(T )=+ 1. Without loss of generality, we suppose that ∗ : I(T ) → C = {1; 2; : : : ; ;
+1} satisIes the following: the incidences of all the leafs that are adjacent to the com-
mon interior vertex w are colored the same color in T . In fact, let y1; y2; : : : ; yk ∈NT (w)
be the leafs of T (16 k ¡). If ∃i∈{1; 2; : : : ; k} such that ∗(yi; yiw) = ∗(y1; y1w),
again since ∗(y1; y1w) ∈ CIw , therefore we can let ∗(yi; yiw)= ∗(y1; y1w) for all
i=2; 3; : : : ; k. Now, we may extend ∗ to an incidence coloring  : I(G) → C using the
same colors. Let the set of exterior vertices of G be arranged orderly into y1; y2; : : : ; ym
in b(f0). Let v be an interior vertex of G and we suppose, without loss of generality,
that y1; y2; : : : ; yk ∈NG(v) (16 k ¡¡m). We orderly color the incidences of all the
exterior vertices in b(f0) from the incidence (y2; y2y1) as follows:
(i) Let (yi; yiyi−1)= ∗(v; vyi−1), i=2; 3; : : : ; k,
(yi; yiyi+1)= ∗(v; vyi+1); i=2; 3; : : : ; k − 1:
(ii) Let yk+1 ∈NG(u), where u is an interior vertex and u = v. Since (yk ; ykyk+1) is
restrained by atmost 4 colors, hence ∃∈C\(ykyk−1)\∗(yk ; ykv)\∗(yk+1; yk+1u),
such that (yk ; ykyk+1)= . Now, (yk+1; yk+1yk) is restrained by atmost 5 colors.
From the fact that (G)¿ 5, we may let (yk+1; yk+1yk)∈C\CIyk \∗(yk+1u).
We continue to orderly color the uncolored edges yk+1yk+2; yk+2yk+3; : : : ; ym−1ym;
ymy1 of b(f0). If two end vertices of the uncolored edge are adjacent to the same
interior vertex, then we color by means of (i). If two end vertices of the uncolored edge
are adjacent to two di@erent interior vertices, then we color by means of (ii). In this
way, we color all the uncolored edges of b(f0) except the incidence (y1; y1y2). Note
that (y1; y1y2) is a@ected by atmost 5 colors, we may let (y1; y1y2)∈C\(ymy1)\
∗(y1v)\(y2; y2y3). In addition, for any (v; e)∈ (I(G)∩I(T )); (v; e)= ∗(v; e). Thus,
we obtain a (+1)-incidence coloring of G, namely (G)6+1. Again by Lemma
2.2, (G)=+ 1.
Remark. In Ref. [8], Jing-Zhe Qu proved that the incidence coloring number of Halin
graphs of maximum degree 3 or 4 is less than or equal to 5 or 6. However, for Halin
graph G of low degree, when its incidence coloring number is equal to (G) + 1 is
still an open question.
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3. The incidence coloring number of outerplanar graphs
We quote the deInition of outerplanar graph and Ive lemmas.
Denition 3.1. If all the vertices of planar graph G are located on the boundary b(f0)
of some face f0, then G is called an outerplanar graph and f0 the exterior face. The
vertices on b(f0) are called exterior vertices; other faces and vertices are called interior
faces and interior vertices of G, respectively.
Lemma 3.1 (Dong-Ling Chen et al. [4, Theorem 1:2]). Let G be a 2-connected out-
erplanar graph of order p¿ 3. Then one of the following holds:
(i) There exist two neighborly 2-vertices u and v.
(ii) There exists a 2-vertex u adjacent to a 3-vertex v. Let NG(u)= {v; w}; where
vw∈E(G).
(iii) There exists a 2-vertex u adjacent to two neighborly 4-vertices v and w. Let
NG(v)= {u; w; x1; x2}; NG(w)= {u; v; y1; y2}; where dG(x1)=dG(y1)= 2; x1x2;
y1y2 ∈E(G).
(iv) There exist two non-neighborly 2-vertices u and v adjacent to a 4-vertex w. Let
NG(w)= {u; v; x; y}; where ux; vy; xy∈E(G).
Lemma 3.2 (Dong-Ling Chen et al. [5, Theorem 3.2]). Let Sp be a star graph and
Fp be a fan graph of order p¿ 3. Then (Sp)= (Fp)=p.
Lemma 3.3 (Jing-Zhe Qu [8, Theorem 2, Section 2:3]). Let v be a cut vertex of out-
erplanar graph G; G−v=H1∪H2; G1 =G[V (H1)∪{v}]; G2 =G[V (H2)∪{v}]. Then
(G)=max{(G1); (G2); dG(v) + 1}:
Lemma 3.4 (Jing-Zhe Qu [8, Theorem 4, Section 2:3]). Let G be an outerplanar
graph with maximum degree . Then (G)6+ 2.
Lemma 3.5. Let G be a graph with maximum degree . If there exists a ( + 1)-
incidence coloring ; then (x; xv)= (y; yv); for ∀x; y∈NG(v); where v is a
-vertex.
By the deInition of incidence coloring, Lemma 3.5 is obvious.
Theorem 3.1. Let G be an outerplanar graph G with maximum degree ¿ 4. Then
(G)=+ 1.
Proof. Without loss of generality, we assume that G is a 2-connected outerplanar
graph by Lemma 3.3. We prove the conclusion by induction on the order p of G. If
p=5, clearly G is a fan graph of order 5, then the conclusion is true by Lemma 3.2.
Now we suppose that the conclusion is true for outerplanar graph G of order less than
p(p¿ 6). By Lemma 3.1, there are four possibilities.
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Fig. 1. Fig. 2.
Case 1: There exist two neighborly 2-vertices u and v. (Fig. 1).
Let N (u)= {v; x}; N (v)= {u; y}. Then x =y (otherwise, x ≡ y is a cut vertex of
G). Let H =G−{u}+ xv. By induction H has a (+1)-incidence coloring ∗. Now
we extend ∗ to a (+1)-incidence coloring  of G as follows: (xu)= ∗(xv). Since
|C\∗(xv)\∗(v; vy)|=+1−3=−2¿ 2, there is a color available for the incidence
(u; uv). Since |C\(u; ux)\(u; uv)\∗(vy)|= + 1 − 4= − 3¿ 1, there is a color
available for the incidence (v; vu). The coloring of other incidences is the same as ∗.
Case 2: There exists a 2-vertex u adjacent to a 3-vertex v. Let NG(u)= {v; w}, where
vw∈E(G) (Fig. 2).
Let NG(v)= {u; w; x}; H =G − {v} + ux. If (H)=(G), then by induction H
has a ( + 1)-incidence coloring ′. If (H)¡(G), by Lemma 3.4, then H has a
(+1)-incidence coloring ′. Hence, (H)6+1. Let G′=H+vw. Obviously, G′ is
an outerplanar graph with a cut vertex w. By Lemma 3.3, (G′)=max{(H); dG(w) +
1}6+ 1 and by Lemma 2.2, (G′)¿+ 1. Therefore, G′ has a (+ 1)-incidence
coloring ∗ such that ∗(v; vw)= ∗(u; uw) (otherwise, it may be obtained by means
of interchanging colors). We continue to extend ∗ to a (+ 1)-incidence coloring 
of G as follows: (xv)= ∗(xu). Since |C\(vx)\∗(vw)|=+1−4=−3¿ 1, there
is a color available for the incidence (v; vu). Since |C\∗(uw)\(v; vu)\(v; vx) |=+
1− 4=− 3¿ 1, there is a color available for the incidence (u; uv). The coloring of
other incidences is the same as ∗.
Case 3: There exists a 2-vertex u adjacent to two neighborly 4-vertices v and
w. Let NG(v)= {u; w; x1; x2}; NG(w)= {u; v; y1; y2}, where dG(x1)=dG(y1)= 2; x1x2;
y1y2 ∈E(G). (Fig. 3).
If x2 =y2, then G must be Fig. 4 (otherwise, x2 ≡ y2 is a cut vertex of G). Clearly,
G has a 5-incidence coloring.
If x2 =y2, let H =G−{u; y1}+vy2. By induction, H has a (+1)-incidence coloring.
Hence, (H)=+1. Let G′=H +{uw; y1w}. Clearly, G′ is an outerplanar graph with
a cut vertex w. By Lemma 3.3, (G′)=max{(H); dG(w) + 1}=+ 1, Therefore, G′
has a ( + 1)-incidence coloring ∗. We extend ∗ to a ( + 1)-incidence coloring
 of G as follows: (v; vu)= ∗(v; vy2); (u; uv)= ∗(w; wv); (y2; y2y1)= ∗(y2; y2v);
(y1; y1y2)= ∗(w; wy2). The coloring of other incidences is the same as ∗.
Case 4: There exist two non-neighborly 2-vertices u and v adjacent to a 4-vertex w.
Let NG(w)= {u; v; x; y}, where ux; vy; xy∈E(G). (Fig. 5).
Subcase 4.1: w is not a vertex of maximum degree. Let H =G− {u; v}. If (H)=
(G), then by induction H has a ( + 1)-incidence coloring. If (H)¡(G), by
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Fig. 3. Fig. 4.
Fig. 5. Fig. 6.
Lemma 3.4, then H exists as a (+ 1)-incidence coloring. Hence, (H)6+ 1. Let
G′=H + {ux; vy}. Obviously, G′ is an outerplanar graph with two cut vertices x, y.
By Lemma 3.3, (G′)=max{(H); dG(x)+1; dG(y)+1}6+1. Therefore, G′ has a
( + 1)-incidence coloring ∗ such that ∗(u; ux)= ∗(w; wx); ∗(v; vy)= ∗(w; wy).
We extend ∗ to a (+1)-incidence coloring  of G as follows: (v; vw)= ∗(y; yw);
(u; uw)= ∗(x; xw). Since |C\∗(yw)\∗(wx) |= + 1 − 4= − 3¿ 2, there is a
color available for the incidence (w; wv). Since |C\∗(yw)\(w; wv)\∗(wx)|=+1−
5=− 4¿ 1, there exists a color available for the incidence (w; wu). The coloring of
other incidences is the same as ∗.
Subcase 4.2: w is a vertex of maximum degree.
If w is the only vertex of maximum degree, then G ∼= F5. By Lemma 3.2, the
conclusion is true.
If w is not the only vertex of maximum degree, then both x and y are the vertices
of maximum degree. There are two possibilities.
(a) ∃z(=w)∈NG(x) ∩ NG(y). Then G must be Fig. 6. Obviously, G exists as a
5-incidence coloring.
(b) @z(=w)∈NG(x) ∩ NG(y). Let NG(x)= {u; w; y; x1}; NG(y)= {v; w; x; y1}; H =
G−{u; v}. If (H)=(G), then by induction H exists as a (+1)-incidence coloring.
If (H)¡(G), by Lemma 3.4, then H exists as a (+1)-incidence coloring. Hence,
(H)6+ 1. Let G′=H + {ux; vy}. Obviously, G′ is an outerplanar graph with two
cut vertices x and y. By Lemma 3.3, (G′)=max{(H); dG(x)+1; dG(y)+1}6+1.
Therefore, G′ has a (+1)-incidence coloring ∗ such that ∗(x; xw)= ∗(y; yw) (oth-
erwise, it can be obtained by the following way. Since both x and y are the vertices
of maximum degree, by Lemma 3.5, ∗(u; ux)= ∗(w; wx)= ∗(y; yx)= ∗(x1; x1x),
∗(v; vy)= ∗(w; wy)= ∗(x; xy)= ∗(y1; y1y), ∃∈C such that  ∈ {∗(xy);
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Fig. 7.
Fig. 8.
Fig. 9.
∗(x; xx1); ∗(y; yy1)}. Thus, let ∗(x; xw)= ∗(y; yw)= . If ∗(x; xu)=  (or ∗
(y; yv)= ), then redeIne ∗(x; xu)=C \\∗(xy)\∗(x; xx1) (or ∗(y; yv)=C \\
∗(xy)\∗(y; yy1)). We now extend ∗ to a (+1)-incidence coloring  of G as fol-
lows: (u; uw)= (v; vw)= ∗(x; xw)= . Since |C \∗(xy)\|=+1−3=−2¿ 2,
there exists a color available for the incidence (w; wu). Since |C\∗(xy)\(w; wu)\
|= + 1 − 4= − 3¿ 1, there is a color available for the incidence (w; wv). The
coloring of other incidences is the same as ∗.
From the above described, we obtain the following: for any outerplanar graph G
with maximum degree greater than or equal to 4, (G)=+ 1.
For outerplanar graph G with maximum degree 3, its incidence coloring number is
not always 4, as the two following theorems state.
Theorem 3.2. If G contains subgraph H; which is pictured in Figs. 7–11, then
(G)= 5.
Proof. We only prove the case containing subgraph Fig. 7. Other cases may be proved
similarly.
Firstly, we show that G does not have a 4-incidence coloring. Suppose to the contrary
that $ : I(G) → C = {1; 2; 3; 4} is a 4-incidence coloring of G. Clearly, $(x1; x1z1) =
$(x2; x2z2), $(y2; y2w2) = $(y1; y1w) in Fig. 7. Otherwise, since z1; z2; w1 and w2 are
the vertices of maximum degree, according to Lemma 3.5, $(z1; z1z2)= $(x2; x2z2)=
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Fig. 10. Fig. 11.
Fig. 12.
$(x1; x1z1)= $(z2; z2z1), $(w1; w1w2)= $(y2; y2w2)= $(y1; y1w1)= $(w2; w2w1). Thus,
neighborly incidences are colored with the same colors, contradicting the deInition of
incidence coloring. Therefore, in path P= xx1x2y2y1y; C′Qx1 ∩C
′
Qx2
= ∅, C′Qy1 ∩C
′
Qy2
= ∅.
We suppose, without loss of generality, that $(xx1)= {1; 2}. Since both x and y are
the vertices of maximum degree, by Lemma 3.5, $(x2; x2x1)= $(x; xx1)= 1, $(y; yx)=
$(x1; x1x)= 2. Since $ is a 4-incidence coloring, the coloring of two incidences of edge
yy1 has two possibilities: (i) $(yy1)= {3; 4} or {4; 3}. (ii) $(yy1)= {1; 3} or {1; 4}.
Case 1: $(yy1)= {3; 4}. Since y1 is a maximum degree vertex, $(y2; y2y1)=
$(y; yy1)= 3. Since y2 is a maximum degree vertex, $(x2; x2y2)= $(y1; y1y2) must
be 2 (otherwise, two neighborly incidences are colored with the same color). Since x2
is a maximum degree vertex and in path P, C′Qy1 ∩ C
′
Qy2
= ∅, $(y2; y2x2)= $(x1; x1x2)
must be 1. Thus, two neighborly incidences (y2; y2x2) and (x2; x2x1) are colored with
color 1, contradicting the deInition of incidence coloring. Analogously, we obtain a
contradiction when $(yy1)= {4; 3}.
Case 2: $(yy1)= {1; 3}. Since y1 is a maximum degree vertex, $(y2; y2y1)=
$(y; yy1)= 1. If $(x1; x1x2)= $(y2; y2x2)= 4, since in path P, C′Qx1 ∩ C
′
Qx2
= ∅, then
$(x2; x2y2) must be 3. Since y2 is a maximum degree vertex, $(x2; x2y2)=
$(y1; y1y2)= 3, thus two neighborly incidences (y1; y1y2) and (y1; y1y) are colored
with color 3, a contradiction. If $(x1; x1x2)= $(y2; y2x2)= 3, then similarly we obtain
a contradiction. When $(yy1)= {1; 4}, we obtain a contraction similar to Case 2.
From the above described, we obtain that (G)¿ 5. By Lemma 3.4, (G)= 5.
Theorem 3.3. If the con9guration of outerplanar graph G is similar to Fig. 12; then
(G)= 4.
Proof. We only need to give a 4-incidence coloring $ : I(G) → C = {1; 2; 3; 4}. For
i=1; 2; : : : ; n− 1, let
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$(yi+2yi+3)= $(xixi+1)=


{4; 1}; i=1 (mod 4);
{3; 4}; i=2 (mod 4);
{2; 3}; i=3 (mod 4);
{1; 2}; i=0 (mod 4);
$(xiyi)= {$(yi+1; yi+1yi); $(xi+1; xi+1xi)}; i=2; 3; : : : ; n− 1:
$(x1y2)= {2; 3}; $(y2y3)= {1; 2}:
Remark. From the above two theorems, we conclude that the determination of the
incidence coloring number of outerplanar graphs with maximum degree 3 is still an
open question.
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